INVOLUTORIAL TRANSFORMATIONS IN S; OF ORDER
n WITH AN (n-1)-FOLD LINE*

BY
LEAMAN A. DYE

1. Introduction. Montesanot has given a brief synthetic discussion of
the existence of involutorial transformations I, of order # with an (n—1)-fold
line /. He showed that the planes through / are interchanged in pairs by I,
and that the lines in one plane are transformed into lines in the conjugate
plane. He also showed that the I, could be defined by the aid of two curves
of order n—1 situated on the fundamental surface F,_,:l*? which is the
image of /.

In this paper the F,_;:l*~2? and an F,:l"! are used to define an in-
volutorial transformation of order 2»—1 with a (2#—3)-fold line which, if
certain conditions are satisfied, reduces to an involutorial transformation
of order » with an (n—1)-fold line. The explicit analytical forms of I; and I,
are found by this method. For larger values of # it is convenient to define I,
by other means. There is a net of surfaces of order m, m+1, or m+2
according as #=3m—1, 3m, or 3m+1, which is transformed by I, into a net
of surfaces of order m. These nets are used to define the involutorial trans-
formation and the equations of Is, Is, and I7 are derived. A method is given
for mapping I on ordinary space so that it is apparent that I, is rational.

2. The birational transformation of type (#, #) with an (n—1)-fold line.
Two surfaces F, of order # having an (#—1)-fold line / in common, meet in a
residual curve Cpn—;. Any plane through / meets each F, in a residual line,
and the two lines meet in a point on the C;.,—;,. Hence the C;,_; meets /
in 2n—2 points. If the two surfaces have a C, in common meeting / in n—1
points, then by Noether’s} formulas the C;.—; will consist of the C, and n—1
lines /; meeting 1.§ Conversely through #—1 lines ¢; meeting /, pass con+?
surfaces F»:/*~1 ZI; such that any two meet in a C, which meets the line /
in #—1 points and each line /; in one point. Three of these surfaces meet in 7
points and if we fix #—1 of the points, we have a homoloidal web of surfaces
F,.:l"_l, El,', EP.

* Presented to the Society, February 22, 1930; received by the editors January 20, 1930.
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There exists therefore a Cremona transformation T, . between two spaces
(x) and (x’) by which a plane in (x’) ~ a surface of the web of F, in (x). A
plane and a surface F, in the (x) space ~ a surface F,/ and a plane in the
(x’) space. The curves of intersection correspond and have the same genus.*
Hence a plane section of F,/ is a C,/ with an (z—1)-fold point and the
surfaces F,/ must have a common (z—1)-fold line 2’. Two planes in (x) ~
two F,! in (x’) meeting in a residual C,._, which meets I’ in 2n—2 points.
The line of intersection of the two planes ~ a non-composite C,/ which can
meet /' in not more than »—1 points. Therefore the residual C,/_, must meet
I’ in n—1 points, i.e. C,/_; consists of #—1lines//. The C,/ meets !’ in exactly
n—1 points and each !/ in one point. Three such surfaces F, meet in #
points of which #—1 must be fixed in order to have a homoloidal web.

Among the surfaces of the web in the (x) space there is a pencil consisting
of a plane through / and the fixed F._,:/*?, 2I;, ZP;. Therefore there is a
pencil of planes through !’ in (x’) which corresponds to this pencil of the web
of F,, and I’ ~ the fixed F,;.

A general line in (2’) ~ a C,:ZP;, hence P; ~ a plane. Since C, meets
each /; once, I; ~ a plane. The plane o; through / and P; ~ a plane p!
through /', but since P; ~ a plane, P;~p/, and the plane ¢; apart from P;
andl ~ a curve s’ in p/. A general plane of (z") meets p/ in a line L’ and the
curve s’ in one or more points Q’. The corresponding F, meets ¢; in one line
L through P;. Therefore the curve s’ is a line. The line L’, except for the
point Q’, ~P; and Q’~L. The line s’ must be a fundamental line !/ because
the points of s’~lines in o; through P;. In a similar manner it is seen that
li~a plane ¢/ through !’ and P/. The plane p; through / and /;~the point
P! in ¢!. Therefore the points and lines P; and I; are associated in pairs
with the lines and points !/ and P/ respectively.

3. The involutorial transformation. When the two spaces are super-
imposed for the involutorial case, the fundamental systems must coincide
and the planes through / are interchanged in pairs by the involutorial trans-
formation I,. If ;=0 and x,=0 are the invariant planes of this pencil, the
four equations of 7, can be obtained from three homogeneous equations of
the following form:

(11) ) x{ = X1,
(1) % = — a,
(13) % = (d + exs + fxa)/(a + bxs + cx4),

* G. Loria, Sulla classificazione delle trasformazioni di genere zero, Istituto Lombardo, Rendiconti,
(2), vol. 23 (1890), pp. 824-834.
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where a=a(x,, 2,), etc., (d+ex;+fx,) =0 is any F, of the web, and (a+dxs
+¢4) =0 is the fixed F,—;. Since we are dealing with involutorial transforma-
tions the inverse of equations (1) have the same form as (1). If in the inverse
of (15) we replace x{, #{ by x;, —x; we have

2) xs = (d + éx + fxd)/(@ + bxd + éxd),
where a=a(x,, —x3), etc. This equation can be solved for x{ and thus we
get the fourth equation of the involutorial transformation as

x{ = {[(ed + da) — x5(bd + aa)] + xs[(ée + db) — xs(Be + ab)]
+ xa[(ef + do) — x3(Bf + ac) |}/ [(a + bxs + cxe)(éxs — J)] -

When the conditions that éxs—f be a factor of the numerator are satisfied
and this factor is removed, we have the I, with an (n—1)-fold line, defined
analytically.

4. The cubic case. A non-homogeneous codrdinate system is useful in
the cases when 7 =3 or 4, so we put x;/x, =N\, x3/x, =%, and x,/2,=y. When
n=3 there are only two fundamental points P;, P,; any plane through the
line joining them is transformed by I; into another such plane and the two
planes p;=0, which are the planes /, /;, Among the planes of the pencil on the
line P,P, there are at least two which are invariant. Let x=0 and y=0
be two of the invariant planes, and let p;=\;—A=0. The points P,, P, are
then determined by the planes o;=X;+A=0 and the line x=y=0. One
surface of the web is pjp2x =0, and the equation of the fixed quadric de-
termined by [, 2I;, 2P; is of the form

0102 + (ao + al)\)x + (bo + bl)\)y = 0.
We can write the first two equations of I; as follows:

3)

(40 N o= —,

(42) ' = hplpzx/{dlo'g + (a0 + aN)x + (bo + b,)\)y}u
If we write the inverse of (4;) and replace A’ by —\ we have
) % = horosx’/{p1ps + (a0 — aN)2’ + (b — b:N)y'}.

When (5) is solved for y’, it has the form
y’ = p1p2{(h2 - 1)0‘10’2 - xldo(h + 2) bl d;(h bl 1))\]
— y(bo + b\ }/[{0102 + (a0 + ez + (b + 5Ny} (bo — :M)] -

Since y=0 is an invariant plane the first two terms in the numerator of (6)
must vanish, and the coefficient of y must be divisible by b—b\.  This
requires that

(6)
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bh=0, k=11, alk+1) — a:(k — )N = 0.
The third condition presents two cases, namely

k=1, so that ¢y = 0,
or
k= —1, so that ¢, = 0.

The cubic involutorial transformation may now be written in the form

N = —A],
(7 x' = xPxPz/ (o102 + a\x + boy). s
)’, = - )’Plpz/ (o102 + a\x + boy) s
or
N = =],
(8) x = — xplpz/(a’la’z “+ aox + boy) ,
Yy = — ypipa/(0102 + aox + boy).

In the first case when 2=1, the pencil of planes through P,, P, is invariant.
In the second case when 2= —1, each plane of the pencil is invariant.

S. The quartic case. There are three fundamental points; one of the
surfaces of the web consists of the plane P.P,P; and of the three planes /, /;.
We can take the points Py, P, as in I; and the plane P.P,P; as x=0. The
lines /; in the planes p;=N;—A=0 and the points P; lie in the planes o;=A\;
+A=0. The equation of the fixed F;:12, 3I;, 3P; may be written in the form

0102(1 — N) + (a0 + aX + a2X)x + (bo + bk + b2AD)y = 0.
The first two equations of the 7, are now given by
(9) N = -1,
(92) ' = hpipapsx/[o102(1 — N) + (a0 + @i\ + @A)z + (bo + b\ + baA2)y] .
The inverse of (9;) with N\’ replaced by —\ is
(10) % = ho102032'/ [p1p2(1 + N) +(a0 — a1N + aAD)x’ + (o — bk + baA2)y'].
If (10) is solved for y’ we have

y’ = plpz{ﬂlo’z(thsda -1 + )\2) — x[hpz(ao - a,)\ + agkﬁ)
(11) + (1 + )\)(do + ai\ + a2>\2)] - y(l + )\)(bo + b\ + bz)\2)}/{ [bo
- bl)\ + bz)\2] [0‘10’2(1 - )) + (do + aN + 02)\2)x + (bo + bl)\ + bz)\z)y]} .

The expressions



1930] INVOLUTORIAL TRANSFORMATIONS 255

(12) 610'2(th30'3 -1 + )\2),
(13) hos(ao — aiN + a:N?) + (1 + N)(ao + a:Xi+ a:\?),
(14) (1 4 N)(bo + b1\ + bo2?)

must therefore contain the factor do— b\ +b:A%. From (14) we find that 5,=0
and if we use this in (12) we have the condition

(15) (1 — B9)/(A\ h? — 1) = by/by.

From (13) we get the conditions

(16) [e:(1 + Ing) + (1 + B)]/[a0(1 + BN)] = ba/bo,
a1 (1 — B)as/[a:(1 — BNs) + ao(1 — h)] = by/bo.
These last two conditions may be rewritten as

(16" (s + 1)(aobs — asbe) = asbo(1 + K),

ar)y (1 — k)(aohs — ashe) = arba(lng — 1).

If we divide (17’) by (16”) we get condition (15) over again so that (15) is
included in (16) and (17). We can solve (16) and (17) for % and obtain

(18) h = (aobs — asbo + @1b2)/(aobs — azbo + N3a.1da),

(19) k= (a1b1 — aobz + sbo)/(Nadabs — Na@sbo — @1bo);

if we equate these values of & we get

(20) (A5 + 1)(aob2 — a2bo)? + 2a1(achs — a2bo)(bahs — bo) — a2boba(As + 1) = 0.

The quartic involutorial transformation is therefore determined by the
equations

o = hxpip2ps ’
0102(1 — N) + (a0 + e\ + aA)x + (bo + b2AD)y
_ pipaforoa(l = 17 — xfas(1 4 M) + ar(1+ k) 4+ aN(1 — k) — b y(1 +N)} .
Y= ba[0102(1 — N) + (a0 + @\ + a2 x + (bo + bA2)y]

In these equations % is defined by (18) or (19) and the coefficients a; and b;
are subject to condition (20).

6. The quintic case. There is a net of quadrics through / and the 4P;
which is invariant under the Is. We can use the vertices of the tetrahedron
of reference fof the 4P; and take
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X1 = dixr + doxe + dsxs + dexs = 0,
Xoe=ai+ 22+ 25+ 24=0
as the invariant planes through /, so that
xf = XiF4,

22
@) xs = — XoF,,

where F, is determined by B, 4/;, 4P;. The planes /, P; are given by ;=X
—d;X,=0 and the planes /, /; by p;=X,+d;X:=0. The net of quadrics has
the form

ki01%1 + kaooxs + ksosx; = 0
and from (22) we have the identity
0121 + 0222 + 0323 + o4xs = 0.
The quadrics of the net are interchanged in pairs involutorially by Is, so
that the involutorial transformation can be defined by
(a10{ x{ + @209 x5 + as0d 25) = (610121 + 20222 + a303%3)p2p3paF s,
(23) (biof x{ + bood xd + bsod x4) = (bro1%1 + bao2x2 + b303%3)p1pspeFa,
(10! xf + 207 x4 + c30f 25) = — (c101%1 + Ca02%2 + €303%3)p1p2paF 4,
and the identity
(24) olxf +odx! +0fxi +cfx{ =0.

If we solve (23) for /! replacing ¢/ by p: and use (24) to obtain x{, we have
the Is expressed by
xf ="[o10:A — 2C1(c101%1 + c209%2 + 6303%3) |papana,
(25) x{ = [szaA - 2C2(610'1x1 + ce09%2 + Cao'axs) ]P1P3P4y
%] = [dast — 2C5(c101%1 + 20922 + Cao’sxx)]plpgp.;,
x{ = [ﬂqu + 2(C1 + C: + Ca)(Cwlxx + cao21s + Gadsxa) ]mpzpa:
where
ai as asg
"A=|b by b y
C1 Ca C3
and C;is the cofactor of ¢;in A.
7. The involutorial transformations Is, I7, and I,. There is a net of
Fs:l2, 5P;, Iy which is transformed into a net of F,:l, 4P;(: <5) by Is. Among
the cubics of the net there is the pencil of F,:J, 5SP; with the fixed component
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ps =0, which is invariant under 7s. Hence using the same coordinate system
as in the quintic case we can determine the 75 by

a10{ x{ + as0s ®f + as0d x5 = (810101 + @202%2 + 303%3)p1p2030405F s,
bioy %1 + baos x5 + bsod xf = — (bro1%1 + baoaxs + bsosxs)pipapspapsFs,
€101 %{ + ¢207 %2 + c30d x5 = FspipapspsFs,
dix! + doxd + dsxd + daxd = (dix1 + doxe + dsxs + duxy)Fs,
2+ xd +xf +xf = — (21 + %2+ 23+ x)Fs,

where Fjs is the fixed quintic sutface. The a;and b; are restricted since these
quadrics must contain Ps. The cubic F;is of the form

Fs= (g1X? + X1 X + gsX2)(gax1 + gsxa + goxs)
+ ps(gﬂflxl + 802X + g963x3) = 0,

where g14gs¥2+gexs=0 is the plane through s, Py; and go%:+gsoa%s
+g40323=0 is a quadric of the pencil /, SP;. The a;, b, c;, d;, g; must satisfy
the conditions necessary in order that F; may be transformed by I into

(6101951 + ca02%2 + 630'3963)9uozp:sp«ﬂo.stfspf.2 .

When 7 =7 there is a net of quartic surfaces F4:13, 6P;, Is, ls which cor-
respond to a net of quadrics F,:l, 4P;(:<5). Among the surfaces of the net
there is a pencil of F3:12, 6P;, Is with ps=0 as a fixed component, which is
transformed into the pencil of F;:l, 5P;(:<6). Among the surfaces of the
pencil there is the cubic consisting of the plane ps=0 and the quadric F,:!,
6P; which is invariant under /7. The equations which determine the I7 are
therefore of the following form:

0101' i + 607 27 + agod xd = (dwxxl + @022 + Gsdaxs)PlpzpsmpspoFe,
blo’x' xll + byoy x4 + b3od xa’ = F3P1P2P3P4P5Fe,
c0f 2 + c20d x5 + ¢305 x{ = FupipapspiFs,
dix! + daxd + dsx! + daxd = (dixs + doxs + daxs + daxy)Fs,
#f +xf +xf +xf = — (21 + 22+ 23+ x4)F.

The forms obtained for =35, 6, 7 can be generalized as follows:

A. If n=3m—1 there is a net of F,:l=1, ZP,.

B. If n=3m there is a net of Fpi1:l™, ZP,, I3 containing the pencil of
Fp:lm=1 ZP; with a fixed component the plane [, l;,_;.

C. If n=3m+1 there is a net of Fnys:i™*!, ZP;, lym_y, lsm containing a
pencil of Fpyy:im, P, I3,y with the fixed component Z, ls,.. One of the sur-
faces of the pencil is the F,:I™1 ZP; with the fixed component , lzn_;.
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In each case the net is transformed into a net of Fu:I™!, ZP(: <3m—1)
by I., hence I, can be defined by means of the nets.

8. The mapping of the involutorial transformation I,. The expressions
2mix{ , —2x9%] , 1% +23%{ , x220{ +25x¢ are invariant under I,. Let us con-
sider the correspondence between the (x) space and a (y) space where the
values of x! above are those defined in §3, (1). The correspondence has the

form
y1 = 222 (e + bxs + cx4),

¥z = 2z (8 + bxs + cx4),
y3 = xl[(d + exs + fx0) + x3(a + dxs + cx4)],
ys = %2[(d + exs + fxs) — x3(a + bxs + cxd)].
These equations can be solved for x; as follows:
xo/o1 = £ (32/y)'?,
@) 2= — 50/ (),
x¢ = [dx2y? — ez, U — ex %2y U + b Uﬁ]/[cxlxzle — fxdyd |,

(26)

where U =x,y,+%ys, U=%1y.—%5ys. Hence equations (26) define a (1, 2)
correspondence.

If we rewrite the equations of the correspondence in terms of x{ and
replace z/, x4 by x;, —%,, we have

y1 = 2x2(a8 + bxd + ¢xd),

ye = 222 (3 + bxd + ¢xd),

ys = 2:[(d + éx{ + fxd) + x{ (@ + bxd + ¢xl)],

— %[(d + éxi + fxl) —.xf (@ + bxd + ¢xd)],

where d=a(x;, —x3), etc. If we equate the values of y; given in (26) and (28)
we have

(28)

Y4

a + bxs + cxy = @ + bad + xd,
(29) (d + exs + fxs) + x3(a + bxs + cx4)
= (d+ éx{ +fxl) + x{ (@ + bxd + éxl),
(d + exs + fxs) — x3(a + bxs + cxy)
= — (d+ éxd + fxl) + xd(a + bxd + ¢xl).
From (29) we get
xi = (d 4+ ex;s + fxy)/(a + bxs + cx4),

(30) - - _
xs = (d + éx{ + fxi)/(@ + bxi + ¢x{),
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but these are precisely the equations §3, (1), (2) by which the involutorial
transformation 7, was defined.

Hence we see that a (1, 2) correspondence of the type given by equations
(26) leads in general to a special type of involutorial transformation of order
2n—1 with a (2n—3)-fold line. If however conditions are imposed that
éxs—f be a factor of the numerator of the expression for x/, then éx;—7Fis a
factor of «{, x/, 2/, and x{ and we have an I, with an (z—1)-fold line. We
have therefore proved the

THEOREM. An involutorial transformation in Ss of order n with an (n—1)-
fold line is rational.

9. Image of a general line in (y). A line y3=A9,+By., y4=Cy:+Dy; in
the (y) space is transformed by the correspondence into the C,4 given para-
metrically by the equations

X = 2 xz(GV —fxlxz);
X2 = 122 (cV — fx12,),

X; = — V(GV —fx;xg),
X4 = dxl’ xg’ - xlxg(aV + eV) + bVV,

(31)

where
V = 2:(Cxi? + Dx?) + x:(Ax? + Bxs?)»
V = 2:(Cx? + Dx?) — x:(Ax? + Bx?).
In the case of the I, the curve is a C7 of the form
X, = boxd %V,
X, = box?x2V,
Xs = — botiVV,
Xi= 22[a1VV — x:1(0102V + plpz-V-)].

(32)

If we put V=0 in (32), there are three values of the parameter x,/x, all
giving the point (0, 0, 0, 1). If we put V =0, we get three distinct points in
the invariant plane x3=0. When x, =0, we again have the point (0, 0, 0, 1)
and furthermore the C7 is tangent to / at that point with x,=0 as the os-
culating plane. When we put %, =0, we have the point (0, 0, 1, 0). Hence the
C has a fourfold point (0, 0, 0, 1) at which it is also tangent to  and passes
through the point (0, 0, 1, 0).

In the general case there are #+1 values of x;/2, due to the vanishing of
(cV —frrxz) which give the point (0, 0, 0, 1). When x,=0 or x,=0, we get
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two definite points on / at which the C,4is tangent to the planes x,=0, ;=0
respectively. A plane of the pencil y.=%2y, has for images the two planes
%3= *kx; which meet the C,s in the two images of the point in which
¥2 =k2y; meets the line of which the C,44is the image.

10. Image of a line in (y) which meets /. Any line in (y) meeting I’ may
be defined by

y2 = k¥y1, Ay + By:+ Cys + Dys = 0.
The image in (x) of such a line is a pair of conics each belonging to a net in
the planes x,= +kx;. In the plane x;,=kx; the net has the form
2z1(enxy + bnxs + cuxe)(4 + k2B) + x1(duxr + enxs + fux)(C + kD)
+ xs(duxl + buxs + 611x4)(C - kD) =0,

where ay=a(1, k), etc. The conics of the net pass through the fixed points

1= %3 = buxs + cuxs = 0,

X1 = X9 = X3 = 0,

%2 — kxy = anx + buxs + cuxs = duxy + enws + fuxe = 0.
Two lines in y, =k2y: have for images a pair of conics of each net; the point of
intersection of the two lines corresponds to the two free intersections of the
two pairs of conics.

iIn the case of the invariant plane y,=0, the lines in y:=0 correspond to
a pencil of conics in the plane ;=0 given by

24 21(810%1+ 1023+ 610%4) +C [ %1(dr021+ 1003+ fr024) + 23(G10%1+b10%3+ C1r0%4) | =0
where a10=a(1, 0), etc. The pencil of conics has the three fixed points

% = %2 = byoxs + croxs = 0,

%= %= 23 =0,

X2 = G10%1 + b1o%3 + c10%4 = 1%y + €10%3 + froxa = 0.

The variable point of intersection of the net of conics is in this case replaced
by the direction of the tangent to

21(d10%1 + €10%s + fros) + x3(@10%1 4 bro%s + croxs) = 0

at the point x; =%, =bi1o¥s+c1004=0. Hence this point is an invariant point
the image of which in (y) is ye=0. Similarly the plane y;=0 is the image of
the invariant point %, =%, =bu¥s+caxs=0. The surface of branch points in
the (y) space consists of the two planes y,=0, y:=0, and the corresponding
surface of coincidences in (x) reduces to the two invariant points.
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ADDENDUM

In a recently published article* Snyder discusses involutorial birational
transformations contained multiply in a linear line complex and suggests
that they are probably irrational. The transformation he considers is of
order 2k with a (2k—1)-fold line x3=x,=0, and 22 —1 fundamental points
lying on the line #;=x,=0, and so is a special case of the involutorial trans-
formations studied in this paper. The equations of the I,; are given as

xf = (a1 4 x 2Ny,
xy = (xszk_l + xfk_l)xz’
x = (xt—1 — X2z,
x{ = (e — BNz,
This involutorial transformation may be mapped, as in the general case, on
ordinary space by the (1, 2) correspondence given by the equations
N = pwadtl
Yo = Zaxxd*l,
Vs = X (x32 -1 _ x42k—1)’
Yy = x42(x32 -1 _ x42k—l)’
and is therefore rational.

* V. Snyder, The simplest involutqrial transformation comiained multiply in a line complex,
Bulletin of the American Mathematical Society, vol. 36-(1930), pp. 89-93.
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